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Abstract
Many important physical situations such as fluid flows, marine environment, solid-state
physics and plasma physics have been represented by shallow water wave equation. In
this article, we construct new solitary wave solutions for the (3+1)-dimensional gen-
eralized shallow water wave (GSWW) equation by using Lie symmetry method. A
variety of analytic (closed-form) solutions such as new periodic solitary wave, cross-
kink soliton and doubly periodic breather-type solutions have been obtained by using
invariance of the concerned (3+1)-dimensional GSWW equation under one-parameter
Lie group of transformations. Lie symmetry transformations have applied to generate
the different forms of invariant solutions of the (3+1)-dimensional GSWW equation.
For different Lie algebra, Lie symmetry method reduces (3+1)-dimensional GSWW
equation into various ordinary differential equations (ODEs) while one of the Lie al-
gebra, it is transformed into the well known (2+1)-dimensional BLMP equation. It is
affirmed that the proposed techniques are convenient, genuine and powerful tools to
find the exact solutions of nonlinear partial differential equations (PDEs). Under the
suitable choices of arbitrary functions and parameters, 2D, 3D and contour graphics
to the obtained results of GSWW equation are also analyzed graphically.
Keywords: Lie symmetry method, Periodic wave solutions, Solitary wave solutions, (3+1)-
dimensional generalized shallow water wave equation.
PACS Nos: 04.20.Jb; 02.30.Jr; 02.20.Sv
1 Introduction
Nonlinear evolution equations (NLEEs) are broadly used to explain complex sciences phe-
nomena such as optical fiber communications, ocean engineering, fluid dynamics, chemical
∗Corresponding author, Email: sachinambariya@gmail.com
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physics, plasma physics, etc. The previous work is mainly concerned with the solutions [1,2].
A variety of analytical and numerical methods have been suggested for the investigation of
solitary wave models, soliton models, including inverse scattering [8], homogeneous balance
method [11–13], F-expansion method [14], Hirota direct method [10], Ba¨cklund transforma-
tion [9], Lie symmetry transformations method [15], etc.
Waves have the most important influence on the ocean engineering, marine environment
and basically on the planet’s climate. One of the most significant applications to the classifi-
cation of waves on marine environment, is the field of shallow water wave which is illustrated
subsequently. These shallow water equations express the motion of water forms wherein the
depth is short corresponding to the scale of the waves propagating on that form. The motion
of shallow water waves is directed by Euler’s equations which are entirely complex in nature
and therefore require several efforts for solving them. Various forms for shallow water wave
theory have been purposed because of its complexity and significance. Some of the well-
known shallow water wave forms are KdV-type equations, BLMP equation, WBK equation,
Boussinesq equation and long water wave equation. These shallow water wave forms have
extensive applications in the field of marine environment, oceanography and atmospheric
science [21]. Shallow water equations also termed Saint-Venant equations in their unidi-
mensional form. In this research article, we shall study the (3+1)-dimensional generalized
shallow water wave equation [16, 17]:
∆ := uxxxy − 3uxuxy − 3uyuxx + uyt − uxz = 0 (1)
Equation (1) has wide applications in ocean engineering weather simulations, tsunami pred-
ication, tidal waves, river and irrigation flows and so on, which was researched in different
ways. Tian and Gao [18] attained the soliton-type solutions of Eq. (1) by using the general-
ized tanh algorithm method with symbolic computation. Zayed [19] given the travelling wave
solutions of Eq. (1) by using the (G’/G)-expansion method. Tang et al [20] obtained the
Grammian and Pfaffian solutions of Eq. (1) by the Hirota bilinear form. Multiple solutions of
Eq. (1) are examined by Zeng [14]. We motivated from the work of researchers [8,22–25,35]
to find exact solutions of (3+1)-dimensional generalized shallow water wave equation by the
Lie symmetry method. Applications and proposal of the method can be observed from the
literature [27–34]. The nature of exact solutions of the GSWW equation is studied both
analytically and physically through their evolution profiles under the suitable choices of
arbitrary parameters.
The format of this article is divided into following sections: in Section 1, a brief intro-
duction of (3+1)-dimensional generalized shallow water wave equation is given; a description
for Lie symmetries with derived invariant solutions is given in Section 2; Section 3, we ob-
tain the symmetry groups corresponding to Eq. (1); Section 4 depicts reduction equations
and invariant solutions are investigated; Section 5, we give results and discussion on the
manuscript. Finally, conclusion are given in Section 6.
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2 Lie symmetry analysis and Determining equations
for
the (3+1)-dimensional GSWW equation
To apply Lie symmetry method to the GSWW equation (1), we consider the one-parameter
Lie group of infinitesimal transformations in (x, y, z, t, u) given by
x˜ = x+ ǫ ξ1(x, y, z, t, u) +O(ǫ2),
y˜ = y + ǫ ξ2(x, y, z, t, u) +O(ǫ2),
z˜ = z + ǫ ξ3(x, y, z, t, u) +O(ǫ2),
t˜ = t+ ǫ τ(x, y, z, t, u) +O(ǫ2),
u˜ = u+ ǫ η(x, y, z, t, u) +O(ǫ2),
where ǫ ≪ 1 is a group parameter and ξ1, ξ2, ξ3, τ and η are infinitesimals coefficients. The
associated Lie algebra of infinitesimal symmetries is spanned by vector fields
V = ξ1(x, y, z, t, u)
∂
∂x
+ ξ2(x, y, z, t, u)
∂
∂y
+ ξ3(x, y, z, t, u)
∂
∂z
+ τ(x, y, z, t, u)
∂
∂t
+ η(x, y, z, t, u)
∂
∂u
.
(2)
Having determined the infinitesimals, the symmetry variables are found by solving the in-
variant surface condition
pr(4)V (∆)|∆=0 = 0, (3)
where pr(4)V is the fourth prolongation of V . Applying the fourth prolongation pr(4)V to
Eq. (1), the invariant conditions are given by
ηyt + ηxxxy − 3uxxηy − 3ηxxuy − 3uxηxy − 3ηxuxy − ηxz = 0, (4)
where ηx, ηy, ηxy, ηxx, ηyt, ηxz and ηxxxy are the coefficients of pr(4)V (∆). Moreover, we have
ηx = Dx(η)− uxDx(ξ1)− uyDx(ξ2)− uzDx(ξ3)− utDx(τ),
ηy = Dy(η) − uxDy(ξ1)− uyDy(ξ2)− uzDy(ξ3)− utDy(τ),
ηxx = Dx(ηx)− uxxDx(ξ1)− uxyDx(ξ2)− uxzDx(ξ3)− uxtDx(τ),
ηxy = Dx(ηx)− uxxDy(ξ1)− uxyDy(ξ2)− uxzDy(ξ3)− uxtDy(τ),
ηyt = Dt(ηy)− uxyDt(ξ1)− uyyDt(ξ2)− uyzDt(ξ3)− uytDt(τ),
ηxz = Dz(ηx)− uxzDz(ξ1)− uyzDz(ξ2)− uzDzz(ξ3)− utDtz(τ),
ηxxxy = Dy(ηxxx)− uxxxxDy(ξ1)− uxxxyDy(ξ2)− uxxxzDy(ξ3)− uxxxtDy(τ), (5)
where Dx, Dy, Dz, Dt are total derivatives with respect to x, y, z and t, respectively, which
can be found in [27–29, 34]. Inserting Eqs. (3) and (5) into (4) yields the following deter-
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mining equations for the Eq. (1)
3ηu = −τt, 3ηx = −ξ2z − ξ1t , 3ηy = ξ1z ,
τu = τx = τy = τz = τtt = 0,
ξ1u = 0, 3ξ
1
x = τt, ξ
1
y = 0, 2ξ
1
zt = ξ
2
zz, ξ
2
t = ξ
2
u = ξ
2
x = 0,
ξ2y = ξ
3
z −
2
3
τt, ξ
3
t = ξ
3
u = ξ
3
x = ξ
3
y = 0, ξ
3
zz = 0. (6)
where ηt =
∂η
∂t
, ηx =
∂η
∂x
, ηu =
∂η
∂u
, ξ1x =
∂ξ1
∂x
, τtt =
∂2τ
∂t2
, ξ1ty =
∂2ξ1
∂t∂y
, etc.
The solutions of the above system yields infinitesimal generators of the one-parameter
Lie group of the point symmetries for the Eq. (1) as follows:
ξ1 =
1
3
a1x+ F3(z) + F2(t) +
1
2
F ′1(z)t,
ξ2 = F1(z) +
1
3
(3a3 − 2a1)y,
ξ3 = a3z + a4,
τ = a1t+ a2,
η = −1
3
a1u+
1
6
(F ′1(z)− 2F ′2(t))x+
1
6
(F ′′1 (z)t + 2F
′
3(z))y + F4(z, t),
where ai, i = 1, . . . , 4 are all arbitrary constants and, f1(z), f2(t), f3(z) and f4(z, t) are the
arbitrary functions. The prime (′) denotes the differentiation with respect to its indicated
variables throughout the manuscript. Further the choices of f1(z), f2(t), f3(z) and f4(z, t)
provide physically meaningful solutions of Eq. (1). Therefore, authors considered f1(z) =
a5z+ a6, f2(t) = a7t, f3(z) = a8z+ a9 and f4(z, t) = a10z+ a11t+ a12. Therefore, Lie algebra
of infinitesimal symmetries of Eq. (1) is spanned by the following vector field
v1 =
x
3
∂
∂x
− 2y
3
∂
∂y
+ t
∂
∂t
− u
3
∂
∂u
, v2 =
∂
∂t
, v3 = y
∂
∂y
+ z
∂
∂z
,
v4 =
∂
∂z
, v5 =
t
2
∂
∂x
+ z
∂
∂y
+
x
6
∂
∂u
, v6 =
∂
∂y
,
v7 = t
∂
∂x
− x
3
∂
∂u
, v8 = z
∂
∂x
+
y
3
∂
∂u
, v9 =
∂
∂x
v10 = z
∂
∂u
, v11 = t
∂
∂u
, v12 =
∂
∂u
. (7)
It is easy to check that the symmetry generators found in Eq. (7) form a 12-dimensional Lie
algebra. Then, all of the infinitesimal of Eq. (1) can be expressed as a linear combination
of vi given as
v = a1v1 + a2v2 + a3v3 + a4v4 + a5v5 + a6v6 + a7v7 + a8v8 + a9v9 + a10v10 + a11v11 + a12v12.
The vector fields give commutation relations for Eq. (1) by the Table 1. The (i, j)th entry of
the Table 1 is the Lie bracket [vi vj ] = vi·vj−vj ·vi. We observe that Table 1 is skew-symmetric
with zero diagonal elements. Also, Table 1 shows that the generators vi, 1 ≤ i ≤ 12 are
linearly independent.
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Table 1: Commutation table of Lie algebra
* v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12
v1 0 −v2 0 0 23v5 23v6 23v7 −13 v8 −13 v9 13v10 43v11 13v12
v2 v2 0 0 0
1
2
v9 0 v9 0 0 0 v12 0
v3 0 0 0 −v4 0 v6 0 v8 0 v10 0 0
v4 0 0 v4 0 v6 0 0 v9 0 v12 0 0
v5
−2
3
v5
−1
2
v9 0 −v6 0 0 −13 v11 16v10 −16 v12 0 0 0
v6
−2
3
v6 0 v6 0 0 0 0
1
3
v12 0 0 0 0
v7
−2
3
v7 −v9 0 0 13v11 0 0 13v10 13v12 0 0 0
v8
1
3
v8 0 −v8 −v9 −16 v10 −13 v12 −13 v10 0 0 0 0 0
v9
1
3
v9 0 0 0
1
6
v12 0
−1
3
v12 0 0 0 0 0
v10
−1
3
v10 0 −v10 −v12 0 0 0 0 0 0 0 0
v11
−4
3
v11 −v12 0 0 0 0 0 0 0 0 0 0
v12
−1
3
v12 0 0 0 0 0 0 0 0 0 0 0
3 Symmetry group of (3+1)-dimensional GSWW equa-
tion
In this section, in order to get some exact solutions from known ones, we should find the Lie
symmetry groups from the related symmetries. For this purpose, the one parameter group
gi:
gi : (x, y, z, t, u)→ (x˜, y˜, z˜, t˜, u˜), (8)
which is generated by the generators of infinitesimal transformations vi for 1 ≤ i ≤ 12 is
formed. For this purpose, we solve following system of ODE’s
d
dǫ
(x˜, y˜, z˜, t˜, u˜) = σ(x˜, y˜, z˜, t˜, u˜), (9)
(x˜, y˜, z˜, t˜, u˜)|ǫ=0 = (x, y, z, t, u), (10)
where ǫ is an arbitrary real parameter and
σ = ξ1ux + ξ
2uy + ξ
3uz + τut + ηu. (11)
So, we can obtain the Lie symmetry group
g : (x, y, z, t, u)→ (x˜, y˜, z˜, t˜, u˜). (12)
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According to different ξ1, ξ2, ξ3, τ , and η, we have the following groups
g1 :(x, y, z, t, u)→ (eǫx, e−2ǫy, z, te3ǫ, e−ǫu),
g2 :(x, y, z, t, u)→ (x, y, z, t+ ǫ, u),
g3 :(x, y, z, t, u)→ (x, eǫy, eǫz, t, u),
g4 :(x, y, z, t, u)→ (x, y, z + ǫ, t, u),
g5 :(x, y, z, t, u)→ (x+ 3tǫ, y + 6zǫ, z, t, u + xǫ+ 1.5tǫ2),
g6 :(x, y, z, t, u)→ (x, y + ǫ, z, t, u),
g7 :(x, y, z, t, u)→ (x+ 3tǫ, y, z, t, u− xǫ− 1.5tǫ2),
g8 :(x, y, z, t, u)→ (x+ 3zǫ, y, z, t, u+ yǫ),
g9 :(x, y, z, t, u)→ (x+ ǫ, y, z, t, u),
g10 :(x, y, z, t, u)→ (x, y, z, t, u+ zǫ),
g11 :(x, y, z, t, u)→ (x, y, z, t, u+ tǫ),
g12 :(x, y, z, t, u)→ (x, y, z, t, u+ ǫ). (13)
The terms on the right side of Eqs. in (13) give the transformed point exp(x, y, z, t, u) =
(x˜, y˜, z˜, t˜, u˜). We observe that, the symmetry groups g4, g6, g9, g12 demonstrate the space
invariance of the equation, g2 is a time translation. The well-known scaling symmetry turns
up in g1, g3, g5, g7, g8, g10, g11. We can obtain the corresponding new solutions by applying
above groups gi, 1 ≤ i ≤ 12.
If u = f(x, y, z, t) is a known solution of Eq. (1), then by using above groups gi, 1 ≤ i ≤ 12
corresponding new solutions ui, 1 ≤ i ≤ 12 are obtained as follows
u1 = e
ǫf1(e
−ǫx, e2ǫy, z, te−3ǫ),
u2 = f2(x, y, z, t− ǫ),
u3 = f3(x, e
−ǫy, e−ǫz, t),
u4 = f4(x, y, z − ǫ, t),
u5 = f5(x− 3tǫ, y − 6zǫ, z, t) + xǫ+ 1.5tǫ2,
u6 = f6(x, y − ǫ, z, t),
u7 = f4(x− 3tǫ, y, z, t)− xǫ− 1.5tǫ2,
u8 = f5(x− 3zǫ, y, z, t) + yǫ,
u9 = f6(x− ǫ, y, z, t),
u10 = f4(x, y, z, t)− zǫ,
u11 = f5(x, y, z, t)− tǫ,
u12 = f7(x, y, z, t)− ǫ.
By selecting the arbitrary constants, one can obtain many new solutions [6–9], such as
u1(x, y, z, t) = c1 − 2c2 tanh
(
−(4c
2
2c3 − c4) c2t
c3
+ c2x+ c3y + c4z + c5
)
(14)
where c1, c2, c3, c4 and c5 are arbitrary constants. Hence, we have found more generalized
solutions as compared with previous findings. Thus, we obtain the invariant solutions of Eq.
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(1) using the corresponding Lagrange system given below:
dx
ξ1(x, y, z, t)
=
dy
ξ2(x, y, z, t)
=
dz
ξ3(x, y, z, t)
=
dt
τ(x, y, z, t)
=
du
η(x, y, z, t)
.
The different forms of the invariant solutions of the equation are obtained by assigning the
specific values to ai, 1 ≤ i ≤ 12. Therefore, the Lie symmetry method predicts the following
vector fields to generate the different forms of the invariant solutions.
4 Symmetry reduction and closed-form solutions of
(3+1)-dimensional GSWW equation
Since this equation does not possess Painleve´ property, certain physically interesting solu-
tions can be derived from corresponding similarity transformation method. Because of the
complexity, we only obtain certain special similarity reductions by selecting corresponding
arbitrary constants. Some geometric vector fields are listed as follows.
4.1 Vector field v1:
The characteristic equation associated with vector field
v1 =
x
3
∂
∂x
− 2y
3
∂
∂y
+
∂
∂t
− u
3
∂
∂u
is
dx
x
3
=
dy
−2y
3
=
dz
0
=
dt
t
=
du
−u
3
. (15)
Integration of (15) yields the group invariant form as
u =
1
t
1
3
F (X, Y, Z), with similarity variables X =
x
t
1
3
, Y = y t
2
3 , Z = z. (16)
Using Eq. (16) in (1), the latter changes to the (2+1)-dimensional nonlinear PDE given as
2Y FY Y + FY (1− 9FXX) + 3FXXXY − 3FXZ − (X + 9FX)FXY = 0, (17)
where FX =
dF
dX
, FXZ =
d2F
dXdZ
etc. Using infinitesimals for Eq. (17), corresponding charac-
teristic equations are given as
dX
b3
=
dY
Y b1
=
dZ
b1Z + b2
=
dF
−X
9
b3 + f(Z)
(18)
where b1, b2 and b3 are arbitrary constants, and f(Z) is an arbitrary function. Without loss
of generality, we can take f(Z) = b4 in (18), where b4 is arbitrary constant. Integration of
(18) leads to
F = G(r, s) + b5X − X
2
18
, (19)
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where r = Y e−a1X , s = Z
′
Y
where Z ′ = b2
b1
+Z and a1 =
b1
b3
. Here G(r, s) satisfies the following
reduced (1+1)-dimensional PDE
2s2Gss + rGr(2− 3a31 + a1a4 − 18a21rGr) + 3a1rGrs + sGs(2 + 9a21r(Gr + rGrr))
+ rs(−4 + 3a31 − 9a1a4 + 9a21rGr)Grs + r2((2− 21a31 + 9a1a4 − 18a21rGr)Grr
+ 3a31(3sGrrs + r(−6Grrr + sGrrrs − rGrrrr))) = 0, (20)
where Gs =
dG
ds
, Grs =
d2G
drds
etc. Again, using infinitesimals for (20) the corresponding
characteristic equation is given as
dr
c1r
=
ds
0
=
dG
c2
, (21)
where c1 and c2 are arbitrary constants. Integration of (21) yields following variables
G =
c2
c1
logw +R(w) where w = s, c1 6= 0, (22)
where R(w) satisfies following ODE
R′ + wR′′ = 0, (23)
where R′ = dR
dw
and R′′ = d
2R
dw2
. Two solutions of Eq. (23) are
R(w) = k1 and R(w) = k2 + k3 logw, (24)
where k1, k2 and k3 are constant of integration. The invariant solution of Eq. (1) is given as
u2(x, y, z, t) =
c2
c1
3
√
t
log
(
t2/3y
e
a1x
3√
t
)
+
a4x
t2/3
+
k1
t
1
3
− x
2
18t
, (25)
u3(x, y, z, t) =
c2
c1
3
√
t
log
(
t2/3y
e
a1x
3√
t
)
+
a4x
t2/3
+
k2
t
1
3
+
k3
3
√
t
log
(
z
t2/3y
)
− x
2
18t
. (26)
4.2 Vector field v2:
For the associated vector field
v2 =
∂
∂t
,
similarity transformation of the Eq. (1) may be obtained by solving the characteristic equa-
tions
dx
0
=
dy
0
=
dz
0
=
dt
1
=
du
0
. (27)
Integration of Eqs. (27) yields the group invariant form as
u = F (X, Y, Z), with similarity variables are X = x, Y = y, Z = z. (28)
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Inserting the value of u from Eq. (28) in Eq. (1), we obtain the PDE for F (X, Y, Z):
−FXZ − 3FXFXY − 3FY FXX + FXXXY = 0. (29)
The general solution of Eq. (29) is given as
u4(x, y, z, t) = c2 − 2c1 tanh
(
c1x+
c3y
4c21
+ c3z + c4
)
,
where c1, c2, c3 and c4 are arbitrary constants. Moreover, in order to find invariant solutions
we shall find new set of infinitesimals for Eq. (29), which are given below:
ξX = f1(Z) +
X
2
(b1 − b3), ξY = b3Y + b4Z + b5,
ξZ = b1Z + b2, ηF =
1
3
f ′1(Z)Y + f2(Z) +
F
2
(b3 − b1) + X
3
b4, (30)
where b1, b2, b3, b4, b5 are the arbitrary constants and f1(Z), f2(Z) are the arbitrary functions.
The prime denotes the differentiation with respect to its indicated variable. Further, the
choices of f1(Z) and f2(Z) provide new physically meaningful solutions of Shallow water wave
Eq. (1). Consequently, some cases are discussed below for different values of f1(Z), f2(Z).
4.2.1 For f1(Z) = b1Z
2 + 2b2Z, f2(Z) =
1
3
f ′1(Z), b1 = b3 and b4 = 0 in Eq (30)
Eventually, in this case infinitesimals given in Eq. (30) recast as
ξX = b1Z
2 + 2b2Z, ξY = b3Y + b5,
ξZ = b1Z + b2, ηF =
1
3
(Y + 1)(2b1Z + 2b2). (31)
The associated characteristic equations for Eqs. (31) are given below
dX
b1Z2 + 2b2Z
=
dY
b3Y + b5
=
dZ
b1Z + b2
=
dF
1
3
(Y + 1)(2b1Z + 2b2)
(32)
Solving the characteristic equations Eq. (32), we get the similarity transformation
F =
1
3
Z
(
−2b5
b1
+ 2b2s+ 2
)
+
1
3
b1sZ
2 +G(r, s), (33)
with
r = X − b
2
2
b21
log(b1Z + b2)− b2
b1
Z − 1
2
Z2, s =
b5 + b1Y
b1(b2 + b1Z)
, b1 6= 0. (34)
where G(r, s) satisfies reduced (1+1)-dimensional nonlinear PDE
Grrrs + (b1s− 3Gr)Grs − 3GsGrr = 0. (35)
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Infinitesimals for Eq. (35) are
ξX = c2, ξY = c1, ηG =
r
3
b1α1 + g(s), (36)
where c1, c2 are arbitrary constants and g1(s) is an arbitrary function. For g(s) = −13b1c2s,
similarity variables are
G(r, s) =
b1s(2c1r − c2s)
6c1
+R(w) where w = r − c2
c1
s, c1 6= 0, (37)
where R(w) satisfies reduced ODE
c2R
(4) +R′ (b1c1 − 6c2R′′) + b1c1wR′′ = 0. (38)
Integrating Eq. (38), we obtain
b1c1wR
′ + c2R
(3) − 3c2R′2 = c0, (39)
where c0 is constant of integration. Eq. (39) is a nonlinear differential equation. As a result,
its general solution is not easy to find. However, some particular solutions of Eq. (39) can
be obtained as
R(w) = k1 and R(w) =
w2(b1c1)
6c2
+ k2, (40)
where k1 and k2 are constants of integration. The invariant solution of Eq. (1) is given as
u5(x, y, z, t) =
1
6
(
−2b2b5
b21
+
2(b2 − 2b5z)
b1
+
b1s (2c1 (r + z
2)− c2s)
c1
+ 4(b2sz + z) + 6k1
)
,
(41)
u6(x, y, z, t) =
1
6
(
−2b2b5
b21
+
2(b2 − 2b5z)
b1
+ b1
(
c1r
2
c2
+ 2sz2
)
+ 4(b2sz + z) + 6k2
)
, (42)
where r and s are given by Eq. (34).
4.2.2 For f1(Z) = b6 and f2(Z) = b7 with arbitrary constants b6 and b7 in Eq. (30)
Further, Eq. (30) recasts in the following form:
ξX = b6 +
X
2
(b1 − b3), ξY = b3Y + b4Z + b5,
ξZ = b1Z + b2, ηF = b7 +
F
2
(b3 − b1) + X
3
b4. (43)
Case 1: Take b1 6= 0 and all other b′is are zero in Eq. (43), the characteristic equation is
dX
X
2
=
dY
0
=
dZ
Z
=
dF
−F
2
. (44)
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Figure 1: Parabolic profile for Eq. (41) with parameters b1 = 0.54, b2 = 0.54, k3 = 5, b5 =
3, c2 = 4, c1 = 5 and z = 0.
(a) z = 0.
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Figure 2: Parabolic profile for Eq. (42) with free choice of parameters b1 = 0.54, b2 =
0.54, k3 = 5, b5 = 3, c2 = −4 and c1 = −5.
Solving Eqs. (44), we obtain
F =
1√
Z
G(r, s), with similarity variables are r =
X√
Z
, s = Y. (45)
Substituting the value of F in Eq. (29), we obtain reduced (1+1)-dimensional nonlinear
PDE
−2Grrrs + (6Grs − 2)Gr + (6Gs − r)Grr = 0. (46)
Infinitesimals for Eq. (46) are
ξX = −r
2
α1 + α3, ξY = α1s+ α2, ηG =
G
2
α1 +
s
6
+ α4, (47)
where α1, α2, α3 and α4 are arbitrary constants. Consequently, this case can be categorized
into the following subcases:
Case 1A: If α1 6= 0 and α2 6= 0 in Eq. (47)
Using Eqs. (47), characteristic equation is
dr
− r
2
+ β1
=
ds
s+ β2
=
dG
G
2
+ s
6
β1 + β3
, (48)
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where β1 =
α3
α1
, β2 =
α2
α1
and β3 =
α4
α1
. Solving Eqs. (48), we get similarity variables:
G(r, s) = −2β3 + 1
3
β1(2β2 + s) +
√
β2 + sR(w), where w = (r − 2β2)
√
β2 + s (49)
and R(w) satisfies reduced ODE
wR(4) + 4R(3) + (w − 3R)R′′ − R′ (6wR′′ + 6R′ − 2) = 0 (50)
Equation (50) is a nonlinear ordinary differential equation. The authors could not find its
general solution. However, three particular solutions of Eq. (50) can be obtained as
R(w) = k1, R(w) = k2 +
w
3
, R(w) =
k3
w
, (51)
where k1, k2 and k3 are integral constants. Using Eqs. (51), (49) and (45) in (28), we obtain
the invariant solutions of Eq. (1) are given as
u7(x, y, z, t) =
β1(2β2 + y)
3
√
z
+ k1
√
β2 + y
z
− 2β3√
z
, (52)
u8(x, y, z, t) = − β1y
3
√
z
+ k2
√
β2 + y
z
+
x(β2 + y)
3z
− 2β3√
z
, (53)
u9(x, y, z, t) =
β1(2β2 + y)
3
√
z
+
k3
x− 2β1
√
z
− 2β3√
z
. (54)
(a) x = 15 (b) x = 18 (c) x = 24
Figure 3: Movable singularity profile for Eq. (54) with parameters b1 = 4, b3 = 1, b2 =
40, k2 = −1 and k3 = −5.
Case 1B: For α1 = 0, and α2 6= 0 in Eq. (47)
In this case, characteristic equations is
dr
α3
=
ds
α2
=
dG
s
6
α3 + α4
. (55)
Solving Eqs. (55), we obtain similarity variables as
G(r, s) =
α4
α2
s+
α3
α2
s2
12
+R(w), where w = r − α3
α2
s, (56)
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and R(w) satisfies reduced ODE
2R′ (α2 + 6α3R
′′) + (α2w − 6α4)R′′ − 2α3R(4) = 0. (57)
Two particular solutions of Eq. (57) can be furnished as
R(w) = k1, R(w) = k2 − α2w
2
8α3
+
3α4w
2α3
(58)
where k1 and k2 are constant of integration. Using Eqs. (58), (56), (45) in (28), we obtain
the invariant solutions of Eq. (1) is given as
u10(x, y, z, t) =
k1√
z
+
α3y
2 + 12α4y
12α2
√
z
(59)
u11(x, y, z, t) =
1√
z
(
k2 +
α4
α2
y ++
α3y
2
12α2
+
3α4
2α3
(
x√
z
− α3y
α2
)
− α2
8α3
(
x√
z
− α3y
α2
)2)
(60)
4.2.3 For f1(Z) = f2(Z) = 0 and b1 = b3 = 0 in Eq (30).
In this case, characteristic equation for Eq. (30) reduces to
dX
0
=
dY
b4Z + b5
=
dZ
b2
=
dF
X
3
b4
. (61)
Solving Eqs. (61), we obtain variables
F =
b4
3b2
XZ +G(r, s), where r = X and s = Y − b4
2b2
Z2 − b5
b2
Z, b2 6= 0 (62)
and G(r, s) satisfies reduced (1+1)-dimensional PDE
b4 − 3(b5 − 3b2Gr)Grs + 9b2GsGrr − 3b2Grrrs = 0 (63)
Using new infinitesimals for Eq. (63), characteristic equations is given as
dr
− r
4
d1 + d3
=
ds
d1s+ d2
=
dF
G
4
d1 − b5r6b2d1 + d4
(64)
Consequently, two cases are discussed below:
Case 1: d1 6= 0 :
By solving Eqs. (64) we obtain similarity variables as
G =
4d4r
4d3 − d1r −
b5d1r
2
3b2(4d3 − d1r) +
R(w)
4d3 − d1r , where w =
4
√
d1s+ d2(d1r − 4d3)
d1
. (65)
Here, R(w) satisfies ODE
w
(
d21w
2
(
3b2R
(4) + 4b4
)
+ 3R′′(16d3(b5d3 − 3b2d4)− 3b2d1R)
)
+6R′
(
3b2d1
(
w2R′′ +R
)− 16d3(b5d3 − 3b2d4))− 18b2d1wR′2 = 0. (66)
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Eq. (66) is highly nonlinear and very difficult to solve in general. But we found one
particular solution which is given below:
R(w) = ±i
√
2
√
b4
√
d1
3
√
b2
w2 + k4w − 16 (3b2d3d4 − b5d
2
3)
3b2d1
, (67)
where k4 is an arbitrary constant. Then, invariant solution is given by
u12(x, y, z, t) =
±i√2√b2
√
b4
√
d1s+ d2(d1r − 4d3)− 3b2
√
d1
(
k4
4
√
d1s+ d2 + 4d4
)
+ b4d
3/2
1 xz + b5
√
d1(d1r + 4d3)
3b2d
3/2
1
(68)
where r and s are given by Eq. (62).
Case 2: d1 = 0 :
On solving Eqs. (64), the group invariant form is obtained as
G =
d4s
d2
+R(w) with w = r − d3s
d2
, d2 6= 0, (69)
where R(w) satisfies reduced ODE
3b2d3R
(4) + 3R′′ (−6b2d3R′ + 3b2d4 + b5d3) + b4d2 = 0. (70)
Taking d3 = 0 in Eq. (70), we get
R(w) = −b4d2w
2
18b2d4
+ k2w + k1, (71)
where k1 and k2 are constant of integration. Then, the invariant solution of Eq. (1) is given
as
u13(x, y, z, t) =
d4
d2
s− b4d2
18b2d4
x2 +
b4
3b2
xz + k2x+ k1, (72)
where s is given by Eq. (62).
4.3 Vector field v3:
For the associated vector field
v3 = y
∂
∂y
+ z
∂
∂z
corresponding characteristic equation is
dx
0
=
dy
y
=
dz
z
=
dt
0
=
du
0
. (73)
Solving Eqs. (73) we obtain the group invariant form
u = F (X, Y, T ), where similarity variables are X = x, Y =
y
z
, T = t. (74)
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Substituting Eq. (74) in Eq. (1), we obtain the reduced (2+1)-dimensional nonlinear PDE:
FY T + (Y − 3FX)FXY − 3FY FXX + FXXXY = 0. (75)
To find invariant solutions for shallow water wave equation (1), we obtain the infinitesimals
for Eq. (75)
ξX =
X
3
b1 + f1(T ), ξY =
−2Y
3
b1 + b3,
ξT = b1T + b2, ηF =
−F
3
b1 +
X
3
(b3 − f ′1(T )) + f2(T ). (76)
where b1, b2, b3 are arbitrary constants and f1(T ), f2(T ) are arbitrary functions. We can
assume f1(T ) = b3T + b4 and f2(T ) = b5, where b3, b4 and b5 are arbitrary constants.
Consequently, following two subcase arise:
Case 1: If b1 6= 0, the corresponding Lagrange’s system comes into existence for Eq. (75)
dX
X
3
+ c1T + c2
=
dY
−2Y
3
+ c1
=
dT
T + c3
=
dF
−F
3
+ c4
, (77)
where c1 =
b3
b1
, c2 =
b4
b1
, c3 =
b2
b1
and c4 =
b5
b1
. Solving Eq. (77), we obtain
F =
G(r, s)
3
√
c3 + t
+ 3c4, where r =
2x− 9c1c3 − 3c1t+ 6c2
2 3
√
c3 + t
and s = −1
2
(3c1 − 2y)(c3 + t)2/3.
(78)
Also, G(r, s) satisfies following (1+1)-dimensional PDE
2sGss +Gs(1− 9Grr) + 3Grrrs − (r − 3s+ 9Gr)Grs = 0. (79)
The general solution of Eq. (79) is difficult to obtain. But using Lie symmetry method,
we can find new set of infinitesimals for Eq. (79). Hence, we can write corresponding
characteristic equation:
dr
α1
=
ds
0
=
dG
−r
9
α1 + α2
. (80)
Solving Eqs. (80), we obtain following invariant
G(r, s) =
α2r
α1
− r
2
18
+R(w) where w = s, α1 6= 0, (81)
where R(w) satisfies the reduced ODE
R′ + wR′′ = 0. (82)
Two particular solutions of Eq. (82) are given below
R(w) = k1 and R(w) = k2 + k3 log(w), (83)
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where k1, k2 and k3 are constant of integration. Using Eqs. (83), (81) and (78) in (74), we
get the invariant solutions of Eq. (1)
u14(x, y, z, t) = −
(−3c1 (3c3 + t) + 6c2 + 2x)
(
a1 (−3c1 (3c3 + t) + 6c2 + 2x)− 36a2 3
√
c3 + t
)
72a1 (c3 + t)
+
k1
3
√
c3 + t
+
3c4
3
√
c3 + t
, (84)
u15(x, y, z, t) =
1
3
√
c3 + t
(
α2
α1
r + k2 log
[(
2y − 3zc1
2z
)
(c3 + t)
2/3
]
+ k3 − r
2
18
)
+ 3c4, (85)
where r is given by Eq. (78)
(a) x = 3.
-10 -5 5 10
z
-2
2
4
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(b) x = 3, y = 2. (c) x = 3.
Figure 4: Cross kink soliton solution for for Eq. (84) with parameters t = 0, c1 = −1, c2 =
1, c3 = 10, c4 = 1, k1 = 1, k2 = 1, k3 = 1, a1 = 5, a2 = 5, x = 3. (a) 3D profile for −10 < y <
10,−10 < z < 10. (b) wave propagation along z axis. (c) corresponding contour plot.
(a) x = 3.
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Figure 5: Cross kink soliton solution for Eq. (84) with parameters t = 0, c1 = 1, c2 = 1, c3 =
10, c4 = 1, k1 = 1, k2 = 1, k3 = 1, a1 = 5, a2 = 5, x = 3. (a) 3D profile for 0 < y < 10, 0 <
z < 10. (b) wave propagation along z axis. (c) corresponding contour plot.
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Case 2: If b1 = 0, the resulting Lagrange’s system takes the form
dX
b3T + b4
=
dY
b3
=
dT
b2
=
dF
b5
. (86)
Solving Eq. (86), we get
F =
b5
b2
T +G(r, s), where r = x− 1
2b2
(2b4 + b3T )T and s = Y − b3
b2
T. (87)
where G(r, s) satisfies PDE
b2(Grrrs − 3GsGrr)− b3Gss − (b4 − b2s+ 3b2Gr)Grs = 0. (88)
To solve Eq. (88), we found new set of infinitesimals:
ξr = c2, ξs = c1, and ηG =
1
3
rc1 + c3. (89)
where c1, c2 and c3 are arbitrary constants. After solving characteristic equations we obtain
group invariant form
G =
r2
6
c1
c2
+
c3
c2
r +R(w) where w = r − c2
c1
s, c1 6= 0, c2 6= 0. (90)
where R(w) satisfies reduced ODE
R′′
(
b2c1(c1w + 3c3)− b3c22 + b4c1c2
)− b2c1c2R(4) + b2c1R′ (c1 + 6c2R′′) = 0 (91)
where ’ is derivaitve with respect to w. Integrating Eq. (91)
R′
(
3b2c1c2R
′ + b2c1(c1w + 3c3)− b3c22 + b4c1c2
)− b2c1c2R(3) = c0 (92)
where c0 is constant of integration. Eq. (92) is a complicated nonlinear differential equa-
tion and cannot be solved in general. Anyhow assuming the adequate values of arbitrary
constants, some particular results can be attained in the following manner:
R(w) = k1 and R(w) = k2 +
A
3b2c1c2
w − c1
6c2
w2 (93)
where k1, k2 are arbitrary constants and A = −3b2c1c3 + b3c22 − b4c1c2.
Using Eqs. (93), (90) (87) in (74), we obtain the invariant solutions of Eq. (1) which are
given as
u16(x, y, z, t) =
1
24b22c2
(−2b2x+ b3t2 + 2b4t) (c1t(b3t+ 2b4)− 2b2(c1x+ 6c3)) + b5t
b2
+ k1, (94)
u17(x, y, z, t) =
Aw
3b2c1c2
+
b5t
b2
+
r(c1r + 6c3)
6c2
− c1w
2
6c2
+ k3, (95)
where w is given by Eq. (90) and r, s are given by Eq. (87).
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4.4 Vector field v4:
For the associated vector field
v4 =
∂
∂z
,
correspoding characteristic equation is
dx
0
=
dy
0
=
dz
1
=
dt
0
=
du
0
. (96)
By solving Eq. (96), we get
u = F (X, Y, T ), with similarity variables are X = x, Y = y, T = t, (97)
where F satisfies the reduced (2+1)-dimensional nonlinear PDE
FXXXY − 3FXFXY − 3FY FXX + FY T = 0. (98)
The reduced Eq. (98) is well known (2+1)-dimensional Boiti–Leon–Manna–Pempinelli (BLMP)
equation was recently tackled by many researchers [33, 36–43]. Recently, Kumar and Ti-
wai [33] applied Lie symmetry approach to find explicit solutions of BLMP equation and
found exact and closed form solutions of Eq. (98), such as, parabolic, periodic, quasi peri-
odic, multisoliton and asymptotic type solutions.
4.5 Vector field v5:
For the associated vector field
v5 =
t
2
∂
∂x
+ z
∂
∂y
+
x
6
∂
∂u
,
correspoding characteristic equation is
dx
t
2
=
dy
z
=
dz
0
=
dt
0
=
du
x
6
. (99)
Solving Eq. (99), we obtain the group invariant form
u = F (X,Z, T ), where similarity variables are X = x− ty
2z
, Z = z, T = t, (100)
where F satisfies the reduced (2+1)-dimensional nonlinear PDE
TFXT + 2ZFXZ − 6TFXFXX −XFXX + TFXXXX = 0. (101)
For Eq. (101) new set of infinitesimals
ξX =
1
2
XZf2(A) +
1
3A
Xf3(A) +
√
Zf5(A) +
1√
Z
f4(A),
ξZ = Z
2f2(A) + Zf1(A),
ξT =
1
2
ZTf2(A) +
√
Zf3(A),
ηF =
1
6T
(
−3TZFf2(A)−X2Zf2(A)− 2X
√
Zf5(A)− 2F
√
Zf3(A) + 6Tf6(Z, T )
)
,
(102)
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where A = T√
Z
and f1, f2, f3, f4, f5 are arbitrary functions. Taking f1(A) = b1, f2(A) =
0, f3(A) = 3b2A, f4(A) = 0, f5(A) = 3b3A and f6(A) = 0. After putting values of arbitrary
function infinitesimals (102) takes the form
ξX = b2X + 3b3T,
ξZ = bZ ,
ξT = 3b2T,
ηF = −b3X − b2F, (103)
where b1, b2, b3 are arbitrary constants. Take b3 6= 0 all other bi’s zero in Eq. (103). Lagrange
system recast as
dX
3T
=
dZ
0
=
dT
0
=
dF
−X . (104)
Solving Eq. (104) we obtain similarity variables
F = −X
2
6T
+G(r, s) where r = Z ands = T. (105)
Substituting Eq. (105) in (101) we found it satisfies the Eq. (101). Hence invariant solution
for Eq. (1) is
u18(x, y, z, t) = − 1
6t
(
x− ty
2z
)2
+G(z, t) (106)
where G is an arbitrary function with rich physical interpretation as shown in Fig. 6 for
G(z, t) = sin(z2t) and 7 for f(z, t) = sech(z2t).
4.6 Vector field v6:
For the associated vector field
v6 =
∂
∂y
correspoding Lagrange system is
dx
0
=
dy
1
=
dz
0
=
dt
0
=
du
0
. (107)
Solving Eq. (107), we get
u = F (X,Z, T ), where similarity variables are X = x, Z = z, T = t. (108)
where F satisfies the reduced PDE
−FXZ = 0 (109)
The general solution of Eq. (109) is
F (X,Z, T ) = f1(X, T ) + f2(Z, T ) (110)
where f1 and f2 are arbitrary functions. Hence, the invariant solution of Eq. (1) is given as
u19(x, y, z, t) = f1(x, t) + f2(z, t) (111)
where f1 and f2 are arbitrary functions.
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(g) y = 5, z = 5.
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Figure 6: Multisoliton and Solitary wave solutions profile of Eq. (106) to different values of
t for free choice of function G(z, t) = sin(z2t). (a), (d), (g) show evolution of multisoliton;
(b), (e), (h) show the wave propagation pattern of the wave along the t-axis; (c), (f), (i)
show corresponding contour plot.
4.7 Vector field v7:
For the associated vector field
v7 = t
∂
∂x
− x
3
∂
∂u
,
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(g) y = 5, z = 5.
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Figure 7: Solitary wave profile of Eq. (106) for function G(z, t) = sech(z2t). (a) Single
soliton. Figs. (a), (d), (g) show Single soliton. Figs. (b), (e), (h) show the wave propagation
pattern of the wave along the t-axis. Figs. (c), (f), (i) show correspoding coutour plot.
correspoding Lagrange system is
dx
t
=
dy
0
=
dz
0
=
dt
0
=
du
−x
3
. (112)
Solving Eq. (112) we obtain the group invariant form
u =
−x2
6t
+ F (Y, Z, T ), where similarity variables are Y = y, Z = z, T = t. (113)
where F satisfies the reduced PDE
FY + TFY T = 0 (114)
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Equation (114) has general solution
F (Y, Z, T ) =
1
T
f1(Y, Z) + f2(Z, T ) (115)
where f1 and f2 are arbitrary functions. Hence, the invariant solution of Eq. (1) is given as
u20(x, y, z, t) = −x
2
6t
+
1
t
f1(y, z) + f2(z, t). (116)
4.8 Vector field v8:
For the associated vector field
v8 =
∂
∂x
,
correspoding Lagrange system is
dx
1
=
dy
0
=
dz
0
=
dt
0
=
du
0
. (117)
Solving Eq. (117), we get
u = F (Y, Z, T ), where similarity variables are Y = y, Z = z, T = t. (118)
The reduced PDE
−FY T = 0, (119)
has general solution as
F (Y, Z, T ) = f1(Y, Z) + f2(Z, T ), (120)
where f1 and f2 are arbitrary functions. Using Eqs. (120) in (118), we obtain the invariant
solution of Eq. (1) as
u21(x, y, z, t) = f1(y, z) + f2(z, t). (121)
5 Results and discussion
This study provides soliton solutions, rational solutions through symmetry analysis for
the GSWW equation with constant-dependent coefficients. Many researchers have studied
GSWW equation using different techniques. Overall we have obtained 21 invairant solutions
corresponding to vector fields. We presented Lie symmetries and similarity reductions by
constructing group-invariant solutions from the 12-dimensional Lie algebras while in one of
Lie algebra reduced into well-known BLMP equation. Various new periodic solitary wave
solutions are successfully constructed. Moreover, graphical representation of the solutions
u5, u6, u9, u14, u18, u20 and u21 are analyzed physically in figures 1, 2, 3, 4, 5, 6, 7, 8, 9.
We framed the 2D, 3D and the contour graphics to some of the attained solutions. In our
study, we present some new soliton solutions which are invariant for GSWW equation that
could not be obtained earlier. Moreover, some new information about GSWW equation are
presented from the perspective of Lie symmetry analysis.
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(a) x = 5, t = 1. (b) x = 5, t = 1, z =
1, 2, 3, 4, 5.
(c) x = 5, t = 1.
(d) x = 5, t = 3. (e) x = 5, t = 3, z =
1, 2, 3, 4, 5.
(f) x = 5, t = 3.
(g) x = 5, t = 5. (h) x = 5, t = 5, z =
1, 2, 3, 4, 5.
(i) x = 5, t = 5.
Figure 8: Doubly periodic breather-type solution profile of Eq. (116) for free function
f1(z, t) = sech(z t), f2(y, z) = sech(y + z). Figs. (a), (d), (g) show Single soliton. Figs. (b),
(e), (h) show the wave propagation pattern of the wave along the y-axis. Figs. (c), (f), (i)
show correspoding coutour plot.
6 Conclusion
In this article, we study the (3+1)-dimensional generalized shallow water wave equation to
find closed form solutions via Lie symmetry method. We have discussed infinite-dimensional
Lie algebra and commutation relations for the equation. With the symbolic calculations and
the reported results in this research, we have seen that the Lie symmetry method is well-
organized and reliable mathematical tools that can be used to examine various nonlinear
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(a) t = 1.
-2 -1 1 2
-1.5
-1.0
-0.5
0.5
1.0
1.5
(b) t = 1, y = 1, 2, 3. (c) t = 1.
(d) t = 3.
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(e) t = 3, y = 1, 2, 3. (f) t = 3.
(g) t = 5.
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(h) t = 5, y = 1, 2, 3. (i) t = 5.
Figure 9: The solitary wave solution profiles of Eq. (121) for particular function f1(z, t) =
sin(zt), f2(y, z) = sin(y + z). Figs. (a), (d), (g) shows evolution of solitary waves; Figs. (b),
(e), (h) gives wave propagation pattern of the wave along the y-axis; Figs. (c), (f), (i) shows
corresponding contour plot.
evolution equations arising in the different fields of marine environment, plasma physics and
nonlinear science. Entire computational calculations in this article are carried out with aid
of Maple 15 and Wolfram Mathematica 11.
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